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Quantum time dilation occurs when a clock moves in a superposition of relativistic momentum
wave packets. We utilize the lifetime of an excited hydrogen-like atom as a clock to demonstrate
how quantum time dilation manifests in a spontaneous emission process. The resulting emission rate
differs when compared to the emission rate of an atom prepared in a mixture of momentum wave
packets at order v2/c2. This effect is accompanied by a quantum correction to the Doppler shift due
to the coherence between momentum wave packets. This quantum Doppler shift affects the spectral
line shape at order v/c. However, its effect on the decay rate is suppressed when compared to the
effect of quantum time dilation. We argue that spectroscopic experiments offer a technologically
feasible platform to explore the effects of quantum time dilation.
Introduction—The quintessential feature of quantum
mechanics is the superposition principle. When com-
bined with relativistic effects, this principle gives rise to
a number of exciting and novel phenomena [1–28]. In
particular, it is natural to ask whether there is a quan-
tum contribution to the time dilation observed by a clock
moving in a superposition of relativistic speeds. This
question has been examined in several contexts: a mod-
ified twin-paradox in which one twin is placed in a su-
perposition of motions [29]; an analogue twin-paradox
scenario in superconducting circuits [30]; interferometry
experiments in which a clock experiences a superposition
of proper times [31–34]; and sequential boosts of quantum
clocks mimicking a twin-like scenario have been shown to
lead to nonclassical effects in ion trap atomic clocks [35].
Recently, a probabilistic formulation of relativistic
time dilation observed by quantum clocks was devel-
oped [36, 37]. It was shown that a clock moving in a
localized momentum wave packet observes on average
classical time dilation in accordance with special relativ-
ity. However, a clock moving in a coherent superposition
of two momentum wave packets experiences on average
an additional quantum time dilation.
In this work we propose a novel physical scheme allow-
ing for an experimental study of this quantum time di-
lation effect. We show that spectroscopic measurements
of an excited hydrogen-like atom coupled to the electro-
magnetic field provide a feasible method of demonstrat-
ing this relativistic quantum effect.
The width of an emission line in an atomic spectrum
is inversely proportional to the lifetime of the associated
excited state (ignoring broadening effects [38]), which
can serve as a clock [39]. If the atom moves relative
to the spectroscope, the emission line will be Doppler
shifted and subject to special relativistic effects, such as
classical time dilation [40]. Nonclassical effects in emis-
sion spectroscopy due to the coherent spreading of the
atomic center-of-mass wave function were first studied
in the early 1990s [41–43], and recently investigated in
a relativistic scalar field model [44]. We show that the
quantum time dilation effect described in [36, 37] is ob-
served in the spontaneous decay rate of an atom moving
in a coherent superposition of relativistic momenta. In
addition, a novel correction to the classical Doppler shift
is shown to manifest for such an atom that modifies the
shape of its emission spectrum. However, the contribu-
tion of this quantum Doppler effect is suppressed in the
total decay rate of the atom when compared to the effect
of quantum time dilation.
Model —Consider a two-level atom of mass m, and
suppose that the ground state |g〉 and excited state |e〉 are
separated by an energy difference }Ω in the atom’s rest
frame. The dynamics of the atom and electromagnetic
fields, Eˆ and Bˆ, is described by the Hamiltonian
Hˆ = Hˆatom + Hˆfield + Hˆaf, (1)
where we consider the free Hamiltonian of the atom to
leading relativistic order in the atom’s center-of-mass mo-
mentum pˆ/mc (e.g. [45]):
Hˆatom =
pˆ2
2m
− 1
8
pˆ4
m3c2
+ }Ω
(
1− 1
2
pˆ2
m2c2
)
|e〉〈e| ,
and the electromagnetic field Hamiltonian to be Hˆfield =∑
k,ξ }ωkaˆ
†
k,ξaˆk,ξ, which is a mode sum over the wave
vector k and polarization index ξ with the corresponding
eigenfrequencies ωk = kc and annihilation operators aˆk,ξ.
The atom is coupled to the electromagnetic field through
the interaction Hamiltonian
Hˆaf = −dˆ · Eˆ⊥− 1
2m
[
pˆ ·
(
Bˆ × dˆ
)
+
(
Bˆ × dˆ
)
· pˆ
]
, (2)
where the first term is the usual dipole interaction,
dˆ = d (|g〉〈e|+ |e〉〈g|) the dipole operator in the lab
frame, and the second term is the so-called Röntgen term
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2that accounts for the Lorentz-transformed electromag-
netic field felt by the moving atom.1 It is important to
note that all the operators entering the Hamiltonian (1)
are expressed in the laboratory frame. For example, the
dipole moment is connected to its rest value d′ by a
Lorentz transformation. The electromagnetic fields ap-
pearing in (2) are given by
Eˆ⊥(r) = −i
∑
k,ξ
√
}ωk
20V
k,ξaˆk,ξe
ik·r + H.c.,
Bˆ(r) = i
∑
k,ξ
√
}
20V ωk
(k × k,ξ) aˆk,ξeik·r + H.c.,
where 0 is the vacuum permittivity and V the quanti-
zation volume, while k,ξ is the polarization vector per-
pendicular to the wave vector k. By invoking the rotat-
ing wave approximation [48, 52], the interaction Hamil-
tonian (2) assumes the form
Hˆaf = −i}
∑
k,ξ
√
}ωk
20V
gˆk,ξe
ik·r |e〉〈g| aˆk,ξ + H.c.,
where the momentum-dependent operator-valued cou-
pling constant is
gˆk,ξ = k,ξ · d+ 1
mωk
(
pˆ− }k
2
)
· [(k × k,ξ)× d] ,
and has eigenvalues gk,ξ.
Let us take a moment to consider the energy scales
characterizing our problem: the energy of the atom’s in-
ternal degree of freedom }Ω, rest energy mc2, and kinetic
energy, which is on the order of 〈pˆc〉. In what follows we
will consider regimes in which the internal energy of the
atom is much smaller than both its rest energy and ki-
netic energy, which ensures that a first order expansion
in both }Ω/mc2 and }Ω/〈pˆc〉 is valid.
Quantum time dilation—Suppose an atom begins in
its excited state with center-of-mass wave function ψ(p)
and the electromagnetic field in the vacuum, |Ψ(0)〉 =∫
dpψ(p) |e,p, 0〉. At a later time t, the composite sys-
tem evolves to the state
|Ψ(t)〉 =
∫
dpα (p, t) |e,p, 0〉
+
∑
k,ξ
∫
dpβk,ξ (p, t) |g,p− }k, 1k,ξ〉 ,
1 This term has been known since the 19th century [46], however it
was omitted in the early works on light-matter interactions. One
of its first incorporations dates back to works of Babiker in the
1980s [47], yet it wasn’t until the early 2000s that this term was
rigorously shown to be necessary to retrieve agreement with spe-
cial relativity [48–50]. Nowadays, it is routinely utilized in stud-
ies of atom-field interactions involving moving bodies [51–55].
The Röntgen term is a consequence of the vectorial nature of the
electromagnetic field, and thus would not appear in an analogous
scalar field model [44].
which has been expanded in the energy eigenstates
|e,p, 0〉 and |g,p− }k, 1k,ξ〉, associated respectively with
the energies
}ωe(p) =
p2
2m
− p
4
8m3c2
+ }Ω
(
1− 1
2
p2
m2c2
)
,
}ωg(p,k) =
(p− }k)2
2m
− (p− }k)
4
8m3c2
+ }ωk.
The time-dependent coefficients in |Ψ(t)〉 can be ob-
tained by solving the associated Schrödinger equation
via a Laplace transform as commonly utilized in Wigner-
Weisskopf theory [56]. Using a single pole approxima-
tion [41] one finds
α (p, t) = e−iωe(p)te−
Γ(p)
2 tψ (p) ,
βk,ξ (p, t) =
√
}ωk
20V
gk,ξ(p)ψ (p)
× e
−iωe(p)te−
Γ(p)
2 t − e−iωg(p,k)t
i [ωe(p)− ωg(p,k)] + Γ(p)2
,
where Γ(p) is the total transition rate of the spontaneous
decay of the atom moving with momentum p, which to
leading order in p/mc and }Ω/mc2 reads
Γ(p) = Γ0
(
1− 1
2
p2
m2c2
− 3
2
}Ω
mc2
)
,
where Γ0 = Ω
2d′2
3pi0}c3 . Finally, the total transition rate is
Γ= lim
t→∞
d
dt
∑
k,ξ
∫
dp |βk,ξ (p, t)|2 =
∫
dp |ψ (p)|2 Γ(p),
(3)
where the results of [49, 50] are recovered when ψ (p) is
a momentum eigenstate.
We will now compare the transition rate Γ between
atoms in coherent superpositions and incoherent classical
mixtures of localized momentum wave packets. Let |p¯i〉
denote a Gaussian wave packet centered at p¯i with a
width ∆, and consider the center-of-mass wave function
to be a coherent superposition of such wave packets
ψ(p) ∼ cos θ |p¯1〉+ eiφ sin θ |p¯2〉 ,
where θ ∈ [0, pi2 ) and φ ∈ [0, pi). For simplicity, consider
p¯1 and p¯2 to be collinear. We will compare the sponta-
neous emission rate Γsup of such an atom with the emis-
sion rate Γcl of an atom in an incoherent classical mixture
of |p¯1〉 and |p¯2〉 with respective probabilities cos2 θ and
sin2 θ. By evaluating (3) we arrive at the following rela-
tive difference between these two cases:
Γsup− Γcl
Γ0
=
cosφ sin 2θ
[
(p¯2 − p¯1)2 − 2
(
p¯22 − p¯21
)
cos 2θ
]
8m2c2
[
cosφ sin 2θ + e
(p¯2−p¯1)2
4∆2
] .
(4)
3FIG. 1. The difference of total emission rates between a superposition and a classical mixture of two momentum wave packets
of an atom as a function of the wave packets’ momentum difference and their relative phase and weight: a) equal weighted
superposition of momentum wave packets, θ = pi/4, b) Relative phase fixed at φ = 0, c) Relative phase fixed at φ = pi. The
red line marks the maximum value of the effect for a given relative phase or a relative weight, while the red circles signify
maximum and minimum values across the whole plot. Nonzero value for a finite momentum difference signifies the phenomenon
of quantum time dilation. In each of the panels, the momentum spread of each of wave packets is ∆ = 0.01mc and the sum of
their average momenta is equal to p¯1 + p¯2 = 0.05mc.
This difference in the spontaneous emission rate be-
tween an atom in a coherent superposition and one in an
incoherent classical mixture is a manifestation of quan-
tum time dilation; compare with Kquantum in [36]. This
difference can be of positive or negative sign, depending
on the relative phase between two wave packets φ and
their relative weight θ (see Fig. 1). For instance, for an
equally weighted superposition, the expression (4) does
not depend on the sum of the wave packets’ momenta; it
stays positive for a relative phase smaller than φ = pi/2
and gets negative for a larger value. In this case, the
structure of the quantum contribution exhibits a distinc-
tive peak for a given relative phase φ. If φ = 0, this peak
occurs at a finite momentum difference, p¯2 − p¯1 ≈ 2∆;
however, if the relative phase is φ = pi, the position of
the peak shifts towards p¯2 − p¯1 ≈ 0.
This behavior can be understood by analyzing the
structure of the wave packets in momentum space—
when the wave packets almost fully overlap, the relative
phase plays a crucial role. If the separation in momentum
space between the wave packets equals 0, then there is no
distinction between coherent and incoherent cases as two
wave packets merge into one. As the phase approaches pi,
the real part of the center-of-mass wave function goes to
0, pronouncing the imaginary part which is an antisym-
metric function. This is in stark contrast to the classical
mixture for which the density stays single peaked.
Surprisingly, an equally weighted superposition is not
optimal for maximizing the effect of quantum time dila-
tion, as it saturates at −∆2/2m2c2 for a relative phase
equal to φ = pi. The maximal value is achieved for such a
relative phase, however for a slightly unbalanced super-
position. If one considers wave packets’ with average mo-
menta much larger than their spreads, (p¯1 + p¯2)/∆ 1,
then this maximum becomes proportional to the sum
of the momenta, ±√2∆|p¯1 + p¯2|/4m2c2. This indicates
that the effect of quantum coherence on the emission
rate increases as the average momenta of the wave pack-
ets increases. Moreover, the shift in balance becomes
proportional to the wave packets’ momentum difference,
θ ≈ pi/4± (p¯2 − p¯1)/2
√
2∆.
Quantum Doppler shifts—Now we turn our attention
to the shape of the transition line. The probability that
an atom emits a photon with momentum }k and polar-
ization ξ is
P (k, ξ) = lim
t→∞
∫
dp |βk,ξ (p, t)|2
=
∫
dp
}ωk
20V
g2k,ξ(p) |ψ (p)|2(
Ω− ωk + k·pm
)2
+ Γ
2
4
,
where higher order contributions in k were omitted as
they become nonleading, giving way to the linear Doppler
shift. Assuming that the atom has a large mass m, and
the orientation of the dipole moment is aligned with
the direction of motion of the atom and the photon,
d ‖ p ‖ k, we arrive at the following characteristic of a
transition line for photons emitted in the z direction (see
Supplemental Material):
P(k) = }d
2
20V
∫
dp |ψ (p)|2 ωk
(
1− 2pmc
)[
Ω− ωk
(
1− pmc
)]2
+ Γ
2
4
,
(5)
where |ψ(p)|2 = ∫ dpxdpy |ψ(p)|2 is the marginal mo-
mentum distribution of the atom’s center-of-mass along
its direction of motion.
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FIG. 2. Emission line shape P(k) of a spontaneous decay of
an atom that is initially prepared either in a coherent super-
position (Psup) or in a classical mixture (Pcl) of two momen-
tum wave packets sharply peaked at different momenta, p¯1
and p¯2. For a small momentum spread of wave packets, much
smaller than their separation, ∆ < |p¯2−p¯1|, both cases are in-
distinguishable, with two sharp Doppler-shifted peaks clearly
visible (subplot (a)). Note the broadening of structures due to
a finite spread of momentum—a homogenous Doppler effect.
If the momentum spread becomes larger and the overlap of
the two wave packets increases (subplots (b) and (c)), inter-
ference effects become visible, manifesting direct confirmation
of quantum time dilation in the atomic spectrum.
Similar to the total emission rate, the shape of a tran-
sition line is also affected by the nonclassicality of the
center-of-mass state. That is, the emission spectrum
of an atom in a coherent momentum superposition is
distinct from that of an incoherent classical mixture.
Contrary to the quantum time dilation, quadratic in
p/mc, this nonrelativistic quantum Doppler shift affects
the emission line linearly in p/mc. It is important to
note that this effect only modifies the shape of the emis-
sion line, not the total emission rate which is affected
by quantum time dilation. The quantum Doppler effect
smooths the contrast between two transition rate peaks
associated with two different Doppler shifted emission
lines (see Fig. 2). The difference between quantum and
classical cases is most pronounced in between the emis-
sion peaks, which may suggest that the postselection of
the final momentum states may further enhance the ef-
fect. A quantitative analysis describing how the quantum
Doppler effect modifies emission line shape is provided in
the Supplemental Material.
Experimental considerations—Since the initial predic-
tion of wave-particle duality by de Broglie, atomic in-
terferometry has witnessed tremendous conceptual and
technological progress [57]. With the advent of large
momentum beamsplitters [58–62], atomic beams travel-
ling along distinct trajectories have been realized, pro-
viding a quantum based alternative to classical gravime-
ters, gradiometers and accelerometers [34, 63–67]. In
these settings, the usual strategy is to suppress radia-
tion losses as they inflict disruptions in phase relations
between interferometer’s arms [62]. In our proposal, we
provide an alternative approach of testing the nonclas-
sicality of center-of-mass motion through spectroscopic
measurements.
We show that a coherent superposition of relativistic
momenta states affects the spontaneous emission, be-
yond classical time dilation effects. Moreover, spectro-
scopic methods offer a plethora of schemes that might
experience a quantum counterpart of this relativistic ef-
fect—among others, stimulated absorption and emission
spectroscopy, and techniques involving Mössbauer effect
and Rydberg states [57]. As one experimental example,
atomic clocks, due to their unparalleled accuracy, provide
a natural test bed for a relativistic theory. They have al-
ready been measured to experience classical time dilation
at velocities as low as several meters per second [40].
To go beyond and measure quantum time dilation, one
has to deal with experimental challenges that involve an
interplay between different time scales. The lifetime of
the excited atom has to be long enough to allow for the
creation of large momentum separation and to precisely
excite the atomic beam. However, the lifetime cannot
be longer than the coherence time of the center-of-mass
superposition. Fortunately, due to advanced methods of
phase imprinting in atomic systems, initial states max-
imizing the quantum contribution as predicted by our
calculations, might be engineered. The maximum magni-
tude of the quantum contribution to time dilation in the
considered scenario is of the order of 10−15Γ0 for state-
of-the-art atomic beams, which is comparable to already
measured classical time dilation [40].
Similar to the superposition of momentum wave pack-
ets considered above, quantum effects manifest for atoms
in spatial superpositions [41–44, 68]. From an experi-
mental point of view, such studies have been helpful in
analyzing phase coherence in Bose-Einstein condensates
interacting with light [68]. These systems provide an ex-
tremely clean environment to study atomic systems with
possibility of fine tuning of interactions and spatial ge-
ometry. As such, they might accommodate experiments
with coherent superposition of momentum wave packets
(e.g. non-equilibrium dynamics in double-well trap [69]).
5Conclusions and outlook —We have proposed a spec-
troscopic effect that has the potential to observe quantum
time dilation by measuring the spontaneous emission rate
(lifetime) of an excited atom prepared in a superposition
of relativistic momentum states. We have shown that
the total transition rate is strongly affected by momen-
tum coherence in the center-of-mass state of the atom.
Furthermore, the quantum contribution to the time dila-
tion observed by an excited atom can be either positive
or negative, depending on the relative phase between the
superposed momentum states and is within reach of the
existing experimental setups [40, 58–62]. We observed
that the quantum contribution to the time dilation of
the atomic lifetime in (4) was equal to the quantum time
dilation observed on average by the ideal clock considered
in [36, 37]. These two clocks are built on very different
mechanisms (spontaneous decay and a particle on a line),
so this result might suggest that quantum time dilation
is universal, affecting all clocks in the same way.
The effects of quantum time dilation on atomic spectra
complement the growing literature on relativistic clock
interferometry, which also probes the effects of suppo-
sitions of clocks experiencing different proper times due
to both special or general relativistic effects [16, 18, 31–
34, 67]. In contrast, we propose a spectroscopic signature
of proper time superpositions that can probe quantum
theory and relativity in the regime in which coherence
across relativistic momentum wave packets plays a role.
We have also characterized a quantum Doppler effect
that occurs when the center-of-mass of an atom is
in a superposition of momentum wave packets. The
effect is present in the shape of the emission spectrum,
affecting its structure by smoothing the contrast between
distinctive Doppler-shifted peaks.
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7Supplementary Materials
We proceed to evaluate the shape of the emission line. The probability that an atom emits a photon with momentum
}k and polarization ξ is
P (k, ξ) = lim
t→∞
∫
dp |βk,ξ (p, t)|2 =
∫
dp
}ωk
20V
g2k,ξ(p) |ψ (p)|2(
Ω− ωk + k·pm
)2
+ Γ
2
4
.
Under the assumption that an atom is heavy, one can expand the coupling constant, g2k,ξ(p), in 1/mc:
d2g2k,ξ(p) ≈ (d · k,ξ)2 +
2
mc
(d · k,ξ)
(
p− }ωkκ
2c
)
· [(κ× k,ξ)× d] ,
with κ = kcωk .
In subsequent calculations we will utilize two useful vector equalities:∑
ξ
(d · k,ξ)2 = d2 − d · κ,∑
ξ
(d · k,ξ)A · [(κ× k,ξ)× d] = (d · κ) (A · d)− d2 (A · κ) .
with A = 2mcp− }mck.
We consider a special case of center-of-mass wave packets moving along the z-axis with dipole moment also pointing
in this direction, d = (0, 0, d). Sticking to analysis of photons emitted in the direction of motion, k = (0, 0, k), we get
the following approximated coupling constant
d2g2k,ξ(p) ≈ d2
(
1− 2pz
mc
+
}ωk
mc2
)
,
and the whole expression for an emission probability assumes form
P(k) = }d
2
20V
∫
dp |ψ (p)|2 ωk
(
1− 2pzmc
)[
Ω− ωk
(
1− pzmc
)]2
+ Γ
2
4
,
where again higher order recoil effects were omitted.
After integrating momentum degrees of freedom perpendicular to the motion, we get
P(k) = }d
2
20V
∫
dpz |ψ (pz)|2
ωk
(
1− 2pzmc
)[
Ω− ωk
(
1− pzmc
)]2
+ Γ
2
4
,
where |ψ(pz)|2 is a marginal distribution of center-of-mass momentum |ψ(pz)|2 =
∫
dpxdpy |ψ(p)|2. In the main text
pz = p.
The properties of Fig. 1 a) depicting the case of an equally weighted momentum superposition does not depend
on p¯1 + p¯2, however Fig. 1 b), c) do. In Fig. 1 b) we can observe interesting behavior of the red line, marking the
maximum value of the effect of quantum time dilation for a given relative weight θ. This line is not continuous at the
point θ = pi/4, and it sharply ends at the point (p¯2 − p¯1)/∆ = 2
√
1 +W0(1/e) ≈ 2.261, where W0 is the principal
branch of the Lambert W function. The same value 2
√
1 +W0(1/e) also appears in Fig. 1 a) as the position of the
bottom red dot. Also in Fig. 1 c) we observe characteristic property of the red line. We can see that we have two
maxima for small values of (p¯1 − p¯2)/∆ and θ ≈ pi/4. One can show that these maxima are placed at
θ =
pi
4
− 1
4
p¯2 − p¯1
p¯2 + p¯1
(
1±
√
1 + 2
(p¯2 + p¯1)2
∆2
)
,
and their corresponding values are ±∆2(√1 + 2(p¯1 + p¯2)2/∆2 − 1)/4m2c2.
In Fig. 3 we plot these transition lines, comparing coherent superposition and incoherent mixture cases. The
discussion of these plots is provided in the caption.
8FIG. 3. A comparison between shapes of emission lines associated with either a coherent superposition (Psup) or an incoherent
classical mixture (Pcl). a) The transition line for an atom initially prepared in a superposition of two momentum wave packets as
a function of emitted photon’s frequency and difference between wave packets’ momenta. Two-peak structure coming from two
different Doppler shifts is clearly visible. b) Absolute difference of emission probabilities between a superposition and a classical
mixture of momentum wave packets as a function of the frequency of emitted photon and difference between wave packets’
momenta. The difference is mostly pronounced in regimes where wave packets overlap. c) Relative difference of emission
probabilities between a superposition and a classical mixture of momentum wave packets as a function of the frequency of
emitted photon and difference between wave packets’ momenta. One can see that the quantum contribution is the largest in
between two transition peaks. It suggests that a postselection of final measured states of center-of-mass motion may increase
the general visibility of the quantum Doppler effect.
